TECHNIQUES OF
INTEGRATION

We have already considered various methods of finding derivatives of
gwen functions. Now we shall take up the converse problem: Given a function

f (x), it is required to find a funciion F (x) such that its derivatives equals f (x), that
is to find F (x) such that .

E [F) 1= /()
or  F) =f@.
Antiderivatives
(4.1) Definition. Let f{x) be a given function. If there is a differentiable
function F(x) such that d [ F(x) ]=Af(x), then F(x) is called an antiderivative (or

pnmltlve) of f{x). It may be noted that if F(x) is an antiderivative of f (x) then so
is F(x) +'c, where ¢ is an arbitrary constant. '

(4.2) Definition. If F(x) is an antiderivative of ), then the expression
F (x) + c is called indefinite mtegral of f (x) and is denoted by

If(x)afx = F(x)+c

_[ is the integral sign and f (x) 1s called the integrand. x is called the

* variable of integration and c is an arbitrary constant of mtegratlon The
arbitrary constant of integration is usually omitted in practice.
The process of finding antiderivatives is called integration
(4.3) Theorem. If F (x) and G (x) are two antiderivatives of f (x), then
- F(x)-G (x) = Aconstant
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proof. By definition of antiderivati
Proof. B

F) =) \
and G () =)

SUPPOS?I(‘:; G = H (x), then

%[F(x)—G(x)] = H'(x)

- F'()-G'(x) = H'() |

» f0-f@ =0 = HG

ar H'(x) = 0 showing that H (x) is a Constan
| ;l:r:ie F(x)-G(x) = A constant.

(4.4) Theorem. %J fx)dx = f(x).

Proof. Suppose | f(x)a&x = F(x), then

20 - L1re) - P
But F'x) =f (x),. by definition
Hence g;'[ fx)yde = f (x).

(4.5) Theorem, Ifais a constant, then

[ar@a = 4 [reyae

Proof. Differentiating right-hang side of the above equation, we have

ﬁ"ff(")d*] - a5 e a

= af(x), by (4.9)
Thus, g Jl Jx) ar is antidgn'vative of a S (x)

Jarera- a[feax:

€m., T
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(4.6) Theor

: € antiderjyq+:
more) functiop tiderivative

ual to the Sum (diffe
VO 2g ) g o I

. ) rl“»"l
Of algebraic sum (difference)
rence) of their antiderivatives.

(x) ax ijg(x)dx

Le,
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TABLE OF INTEGRALS

-
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Proot ‘%U_f(x)drijg(x)dx]

Tl?us, by definition of antiderivative

Llrea+ L [sma
S()£g(x) by(4.4).

I[f(x)ig(x)]abr = J‘f(x)dx :h_[g(x)dx.

Table of Integrals

.~ o n+l

. dx = "y = ’

1 _C cx 2. _xdr n+1’"¢ 1
: e )
3. .‘;“=ln|x|,x;&0 4. e*dx =e*

ol . ax A~
5. 'ad\f‘lna,a#l,a>0 6. |sinxdr =-—cosx
7. cosxdx =sinx 8. secl xdx =tanx
9, csc’xéx =_cotx 10. | secxtanxdx =secx
11. cscxcotxdx =-cscx 12, |tanxdx =In|secx|
13. cot x dx =In|sinx| 14, secx dx =In|secx+tanx|
15. csc x dx =In|cscx=cotx| -

" dx i
16. =arcsinx Or —arccosxy

i
17 [_dx = arct t

S e =arctanx > or — arccotx

p dt |

18. Y =arcsecx Or -—arccscx
e |

19, sinh x dx =coshx .20. coshxdx = sinhx
21, sech? x dx = tanh x 22. | csch®dx =-cothx
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sech x tanhx dx =-sechx 24, | cschxcothy v = coth y

23. J o

25, .tarlh dx =In|coshx| 26. | cothxdx =In|sinh x|

27 e =sinh'x = In (x+\/.r1+ 1)

1+

28. . x‘fr : =cosh™x = In (x +¥¥-1)
(a1 I 1+x _{ianh“x, if |x]<1

2. J1-2 72 1-x| |cothlx, if |x|>1
" dx 1 1+4/1 —x?

30. ) xm = sech Il' ~3 -In( ¥
 dx 1 41 +x2'

3 . ——— — "I - = e —_—

1 Jidis e csch™ x| = ln[x-i- x|
[ dx 1 x—1

S I Y
. o 2 .

33. '\fal-:c"dr = 5@ +92—‘ arcsin (';')
. — | —

34, Vf+§dr=£igzg+§hlthﬁ+w

5. |VF-@a = @-%m x”f"":’

Exercise Set 4.1 e

Write down the indefinite integral of each of the following:

1. 0 2. N ¢ 3. l:x
x?~1 -

4, e 5. tan’x 6. cot’x

7. cos’x 8. sin’x - 9. +l-cosx

10,

3 e i

4-x3. 1. 4+ .12, @4,

Scanned with CamScanner



